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a b s t r a c t
A computational strategy is developed to characterize the driving force for fatigue crack nucleation at
subsurface primary inclusions in carburized and shot peened C61Ò martensitic gear steels. Experimental
investigation revealed minimum fatigue strength to be controlled by subsurface fatigue crack nucleation
at inclusion clusters under cyclic bending. An algorithm is presented to simulate residual stress distribution induced through the shot peening process following carburization and tempering. A methodology is
developed to analyze potency of fatigue crack nucleation at subsurface inclusions. Rate-independent 3D
ﬁnite element analyses are performed to evaluate plastic deformation during processing and service. The
specimen is subjected to reversed bending stress cycles with R = 0.05, representative of loading on a gear
tooth. The matrix is modeled as an elastic–plastic material with pure nonlinear kinematic hardening. The
inclusions are modeled as isotropic, linear elastic. Idealized inclusion geometries (ellipsoidal) are considered to study the fatigue crack nucleation potency at various subsurface depths. Three distinct types of
second-phase particles (perfectly bonded, partially debonded, and cracked) are analyzed. Parametric
studies quantify the effects of inclusion size, orientation and clustering on subsurface crack nucleation
in the high cycle fatigue (HCF) or very high cycle fatigue (VHCF) regimes. The nonlocal average values
of maximum plastic shear strain amplitude and Fatemi–Socie (FS) parameter calculated in the proximity
of the inclusions are considered as the primary driving force parameters for fatigue crack nucleation and
microstructurally small crack growth. The simulations indicate a strong propensity for crack nucleation at
subsurface depths in agreement with experiments in which fatigue cracks nucleated at inclusion clusters,
still in the compressive residual stress ﬁeld. It is observed that the gradient from the surface of residual
stress distribution, bending stress, and carburized material properties play a pivotal role in fatigue crack
nucleation and small crack growth at subsurface primary inclusions. The fatigue potency of inclusion
clusters is greatly increased by prior interfacial damage during processing.
Ó 2008 Elsevier Ltd. All rights reserved.

1. Introduction
Although much progress has been made, development of quantitative descriptions of potency of primary inclusions for fatigue
crack nucleation and early stages of growth in high strength steels
requires further understanding to support quantitative materials
design. Carburization and shot peening are well established techniques for improving high cycle fatigue strength of steel components [1–7]. The fact that bending fatigue strength of steel gear
teeth is increased considerably by carburization and shot peening
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has been extensively utilized in industry [8–11]. With carburization and shot peening, crack initiation (nucleation and early
growth at the scale of the primary inclusion) is observed to shift
from the surface toward the subsurface of the carburized gears;
this is primarily due to presence of high compressive residual
stress and comparatively high hardness at the surface. It is widely
observed that cracks in unnotched specimens nucleate at nonmetallic inclusions and other microstructure inhomogeneities.
Such second-phase particles often serve as fatigue crack starters
in a variety of metallic materials [12–18]. Extensive experimental
observations have been reported earlier on subsurface crack initiation [19–23].
Toyada et al. [21] performed a series of rotating-bending fatigue
tests on Cr–Mo steels and estimated the inﬂuence of the inclusions
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
on the fatigue strength by employing the projected
area
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uniaxial cyclic yield strength
stress tensor components
strain tensor components
deviatoric stress tensor components
hydrostatic stress
back stress tensor components
Mises uniaxial effective stress
deviatoric back stress tensor components

e_ p

hydrostatic part of the back stress tensor
elastic strain rate tensor
plastic strain rate tensor

rnmax

approach suggested by Murakami and Endo [13], with necessary
modiﬁcations to incorporate the residual stress effects. They argued that there exists a critical inclusion size that initiates subsurface fatigue failure within the specimen. The semi-empirical
Murakami and Endo model has successfully predicted upper and
lower bounds on service lives for specimens containing inclusions.
The fracture mechanics approach has also been widely applied for
bending fatigue analysis of carburized steel components [24–26].
Kim and co-workers [24] studied the effect of surface residual
stress on fatigue life by analyzing the change in stress intensity factor due to residual stress. Sharma and co-workers [25] presented a
detailed study of various factors inﬂuencing K1c of case steels
including alloying elements, retained austenite and carbon content. Lin et al. [26] investigated the general methodology of bending fatigue life prediction using strain-life and linear elastic
fracture mechanics (LEFM) approaches for SAE 8620 steel. Both approaches were reported to predict the fatigue lives very well,
although the strain-life approach proved to be more conservative
in its predictions. Life prediction schemes based on nominal
strain-life or LEFM are insufﬁcient to fully reﬂect the mechanisms
for crack nucleation at non-metallic inclusions; as such, they cannot serve to quantify the microstructure-level details of threshold
condition on cyclic stress amplitude to form a fatigue crack which
can propagate away from the inclusion. More detailed analyses of
the inclusion size and shape, interface characteristics, local residual stresses, contrast of elastic and thermal properties, and even
surrounding microstructure of the matrix are necessary to explore
this issue in more detail.
Mackaldener and co-workers [27] developed a two-dimensional
plane strain gear tooth FE model and studied the stress state history at every point within the tooth during a single contact load cycle. The residual stress induced through case hardening was
simulated by applying a thermal load cycle and the McDiarmid
critical plane approach [28] was employed to predict fatigue crack
initiation at various depths with necessary modiﬁcations to incorporate shot peening effects. They reported that the tensile residual
stresses due to case hardening led to high risk of fatigue crack initiation in the interior of the tooth. Although the method was effective computationally and considered various aspects of surface
treatment in the macroscopic analysis, it was not able to describe
the root cause for subsurface crack initiation where the residual
stresses are still compressive and the role of microstructural inhomogeneity in such failure scenarios. Borbeley et al. [29] attempted
to study the cause for subsurface failures initiating from pores in
AZ91 magnesium alloys through 3D FE simulations. Results of local
stresses and plastic strains in the vicinity of the pores showed a
critical size for pores just beneath the surface with a maximum
tendency to initiate cracks. Wang and co-workers [16] developed
a deterministic model to correlate the total fatigue life and subsurface failure for six different ultra-high strength steels. Although the
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Dcpmax
DC

equivalent plastic strain rate
residual stress magnitude
applied strain amplitude
Young’s modulus
Poisson’s ratio
engineering shear strain
nonlocal maximum plastic shear strain range
Fatemi–Socie (FS) parameter
maximum stress normal to plane of maximum shear
strain range in a loading cycle

method was successful in obtaining a good correlation between
inclusion size and fatigue life, it is insufﬁcient to address many
other factors which play a pivotal role, e.g., particle clustering, orientation with respect to principal stresses, and residual stresses.
Residual stresses play a pivotal role in affecting crack initiation
and propagation. Considerable effort has been made to accurately
model the residual stresses and account for their inﬂuence on service life of the component [30–37]. Some previous work has considered the effects of damaged particles or inclusions on fatigue crack
formation and early growth in the micronotch root ﬁeld of cracked
or debonded inclusions [17,18,38–41]. As mentioned above, a simple assumption that fatigue cracks form immediately at such inclusions as a precursor to application of LEFM ignores the complexities
of the details of inclusion geometry, damage state, interface condition, and microstructure, all of which can play a role in the nearthreshold regime of fatigue strength of these materials. This is
important for HCF or very high cycle fatigue (VHCF) applications.
In support of a new generation of high ﬁdelity materials design
tools, the aim of the present work is to develop a 3D modeling
strategy for a comparative parametric study of the potency for
nucleation of fatigue cracks at damaged primary inclusions in carburized and shot peened martensitic gear steels. Speciﬁc attention
is devoted to the case of Al2O3 inclusions in carburized and shot
peened C61 alloy gear steel [42]. A new algorithm is presented to
model representative residual stresses induced via plastic deformation due to shot peening. Case hardening (carburization and
tempering) is considered by varying the material properties from
surface to core. To determine quantitative relationships between
local plastic strains and far-ﬁeld loading, representative 3D ﬁnite
element meshes are constructed which contain inclusions surrounded by carburized matrix. Both cracked and debonded inclusions are considered, consistent with experimental ﬁndings. We
focus on processes of crack formation and early growth in the matrix under the inﬂuence of the strain concentration of the inclusion
notch root ﬁeld, and do not include the fracture mechanics problem of physically small and long crack growth away from the particle. The former (nucleation and early growth) establish the crack
origin and often a majority of the fatigue life in HCF and VHCF. We
deﬁne nucleation as the formation of a crack within the matrix in
the region of highest cyclic plastic strain localization near the matrix–inclusion interface; this is considered heuristically as a zone of
subcritical crack formation and growth to a stable nucleus that
would be amenable to propagation analysis via fracture mechanics.
Relative fatigue crack nucleation potency at various case depths
is compared with experimental ﬁndings regarding subsurface
depths at which cracks form. Nonlocal average values of plastic
shear strain range [18,38,41] and the Fatemi–Socie parameter
[43] are considered as the candidate driving forces for fatigue crack
nucleation. All simulations were performed using the ABAQUS [44]
ﬁnite element code.
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2. Experimental observations of fatigue in case hardened steel

720
700

Microhardness (VHN)

680
660
640
620
600
580
560
540
520
0

200

400

600

800

1000

1200

Depth (μ
μm)

b

0

Residual Stress (MPa)

-200
-400
-600
-800
-1000
-1200
-1400
-1600
0

100

200

300

400

500

600

Depth (μm)
Fig. 1. Measured hardness and residual stress proﬁles [1]: (a) variation of Vickers
microhardness after heat treatment (carburization and tempering) with depth and
(b) variation of residual stress with depth after shot peening.

The material of investigation is commercial C61 high-performance gear steel subjected to carburization, tempering and shot
peening. This is a martensitic steel with predominantly tempered
lath martensite microstructure as conﬁrmed by X-ray diffraction.
The experimentally measured proﬁles of microhardness after heat
treatment and residual stress distribution after shot peening are
shown in Fig. 1a and b, respectively [1]. Microhardness measurements were made using Buehler Micromet II Micro Hardness Tester following ASTM standard E92 [45]. Prior to measurement,
specimens were mounted in Bakelite and then ground and polished up to 1 lm ﬁnish. The procedure to measure the residual
stress proﬁle following shot peening is explained elsewhere [46].
With the increase of case depth, the carbon content decreases, as
does the microhardness. As measured by X-ray diffraction, initial
compressive residual stress exists after shot peening within a
thickness of 0.5 mm in the surface layer and reaches a maximum
value of 1400 MPa at a depth of around 75–100 lm. Under reversed bending stress with R = 0.05, it is observed that fatigue
cracks deﬁning minimum properties form at a depth of approximately 200–270 lm below surface (Fig. 2a) in spur gear teeth. Similar observations on subsurface fatigue crack initiation have been
reported earlier by Shiozawa and Lu [23]. Scanning electron
microscopy (SEM) was employed to characterize the fracture surface of failed spur gear teeth as well as the topography and features
of various spur gear surface conditions. A Hitachi S-3500 microscope with tungsten hairpin ﬁlament was used with a 20 kV electron beam while the specimen chamber maintained a vacuum level
of 104 torr. A secondary electron detector was used to image topographic features while a backscatter electron detector was used to
achieve chemical contrast of inclusion phases located on fracture
surfaces. Qualitative chemical analysis and mapping of inclusion
phases was performed using a PGT energy dispersive X-ray analyzer. The site of crack nucleation is not in the tensile residual
stress region. Analysis of the fracture surface and its mating surface
indicates that the cracks are formed at clusters of inclusions.

Fig. 2. (a) SEM micrograph of fracture surface indicating the depth of fatigue crack origin and (b) backscatter SEM image of crack initiation zone showing characteristic
inclusion sizes, clustering and debonding of inclusion-matrix interfaces [1].
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A single row of Al2O3 inclusions (particle 1, 2, 3 & 4) on the tooth
fracture surface and the corresponding location of cavities on the
mating surface are shown for clarity in Fig. 2b [1]. The large particle (#3), about 10 lm in size, could be the favorable site for fatigue
crack nucleation [13]. Debonding of particles was observed, with
uncracked particles on the fracture surface and corresponding cavities on the mating surface. Inclusion clustering observed at the initiation site indicates a potential role for inclusion interaction.
Furthermore, the variation in material properties, distribution of
residual stress, and magnitude and gradient of applied stress affect
the fatigue crack nucleation process in the subsurface in a cooperative manner. The aforementioned brief introduction of the essential experimental results on microhardness, XRD residual stress
measurements, fatigue tests, and SEM micrographs of fracture surface should sufﬁce to convey the problem we intend to address.

Three-dimensional FE analyses were performed to understand
the mechanisms of fatigue crack nucleation within the tempered
martensite matrix. Detailed description of heat treatment, surface
treatment and composition of the material is presented by Tiemens
[1,2]. The inclusions were assumed to be isotropic linear elastic
with Young’s modulus E = 400 GPa and Poisson’s ratio m = 0.2.
The matrix was modeled as a rate-independent elastic-plastic
material with a nonlinear kinematic hardening law cast in a format
of hardening with dynamic recovery. The variation of carbon content from the surface to core following carburization has signiﬁcant inﬂuence on local mechanical properties of the material.
Elastic modulus, yield strength and work hardening rate depend
on carbon content. Donzella et al. [47] and Pedersen et al. [48] presented an empirical relation between yield strength and microhardness for case hardened steel. However, for carbon steel
subjected to cyclic loading, softening occurs and thus the yield
strength may be scaled down by 15–35% from the initial value
[49]. Considering the experimental observations and applying the
empirical relations, the material parameters of C61 steel were estimated for purposes of FE analyses. It is acknowledged that an
accurate measurement of material property gradients in the carburized layer is tedious; in view of the desire to account for the effect
of carburization we adopt the aforementioned strategy. In this
work, we present some primary results and focus more on the
development of the methodology. The variations of material
parameters with depth adopted in the current investigation are
listed in Table 1. Fig. 3 shows the simulated monotonic tension
stress–strain curves at various depths for the material considered.

Table 1
Variation of material properties with the depth from surface.
E (MPa)

ys

(MPa)

0 (Surface)
110
150
170
190
200
220
250
275
300
325
350
1000 (core)

193,000
193,550
193,750
193,850
193,950
194,000
194,100
194,250
194,375
194,500
194,625
194,750
198,000

998
970
942
927
912
904
890
867
860
850
840
830
800

110μm
200μm
300μm
Core

1400

Stress (MPa)
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Fig. 3. Simulated monotonic tension stress–strain curves as a function of depth
from surface. Depth of core is 1.0 mm below surface.

3. Characterization of mechanical properties of matrix and
inclusions

Depth (m)

Surface
1600

c (MPa)

r

112,000
112,428
113,083
113,517
114,018
114,292
114,883
115,872
116,780
117,756
118,790
119,875
120,000

200
200
200
200
200
200
200
200
200
200
200
200
200

4. General outline of elasto-plastic framework
The rate-independent plasticity model with combined kinematic-isotropic hardening for the matrix is based on the simple
Mises yield surface

F ¼ f ðr  aÞ  r2ys


ð1Þ



with F = 0 during plastic ﬂow. Here, r and a are the stress and back


stress tensors, respectively, and rys is the uniaxial yield strength.
The function f in Eq. (1) is deﬁned by
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where e_ p is deﬁned by

e_ p ¼
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The evolution equation for the back stress tensor a is expressed

as [50]

a_ ¼

c

rys

ðr  aÞe_ p  r a e_ p






ð5Þ

where c and r are material parameters. Here, c is the initial kinematic hardening modulus and r determines the rate of dynamic
recovery of the back stress with increasing plastic deformation. Isotropic hardening is neglected in view of the desire to simulate cyclically stable response in parametric studies with pure kinematic
hardening. The elastic response is given by

r ¼ C : ee

ð6Þ

where ee denotes the elastic strain tensor and C is the isotropic elas

tic stiffness tensor.
5. Imposition of initial residual stress: modeling the effect of
shot peening process
During processing, heat treatment (carburization and tempering) and surface treatment (shot peening) introduce a lateral compressive residual stress ﬁeld at and near the surface.
Comparatively, the residual stress introduced by carburization
and tempering (100 MPa to 300 MPa) is much less than that
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introduced through shot peening, especially close to the surface
layer of the specimen [1,51]. A series of nonequilibrium thermomechanical processes, such as diffusion, temperature-induced
phase transformation, dynamic elastic–plastic deformation, and
deformation-induced phase transformation are potentially involved during carburization, tempering and shot peening. As a result, it is very complex to simulate the evolution of residual stress
based on the physical mechanisms. Although mechanism-based FE
simulation of residual stress is effective for two-dimensional calculations, three-dimensional simulations become computationally
more demanding. Alternatively, a simpliﬁed scheme is followed
to impose the residual stresses.
After carburization, the mechanical properties vary only with
the depth. Kobayashi and co-workers [52] considered that the shot
peening process effectively induces equi-biaxial residual compres-

Direction of impact during shot
peening

a
Surface

R

Surface

d
D

d
<1
D

L2
Y
Plastic zone
Z

Subsurface element

b

X

Fig. 4. (a) A schematic showing a metallic ball impacting the specimen surface
during shot peening, inducing constrained plastic deformation to a depth D below
surface and (b) an equivalent volume element of the plastic zone divided into
several subsurface layers (‘elements’), each corresponding to a depth d below the
surface at which shot peening and fatigue simulations are performed.

negative

Y

sive stresses within the specimen by virtue of plastic deformation.
It is reasonable to assume that the residual stress in the steel matrix near the surface after shot peening is also equi-biaxial; of
course, very near the surface the material may undergo tribological
transformation (phase transformation, extensive shear, reﬁnement
of structure, etc.), but this zone is typically small (<30 lm or so)
compared to the depths at which fatigue cracks form. Fig. 4a shows
a schematic of the shot peening process. Fig. 4b shows an equivalent volume element of the plastic zone (subsurface affected by
shot peening) divided into multiple ‘subsurface elements’, each
corresponding to a depth d below surface. The residual elastic
strains in the subsurface correspond to a self-equilibrating residual
stress ﬁeld, with compression near the surface and a tensile stress
state deeper into the subsurface. During shot peening the principal
stress components are compressive. With these observations and
idealizations, a methodology is developed to simulate residual
stresses within the material induced by shot peening with respect
to the surface coordinate system XYZ (Fig. 5). The procedure is
summarized as follows:
1. Consider a homogeneous matrix subsurface element of the
specimen at a depth d below surface, initially without inclusions, as shown in Fig. 5a. The carburized material properties
corresponding to the depth d is assigned to the subsurface
element.
2. Imposing the boundary conditions shown in Fig. 5, the subsurface element is subjected to uniaxial compression in direction Y
to strain levels calculated from the elasto-plastic constitutive
in
relations, in connection with the following step (eload
yy
Fig. 5b). The total strain components (elastic plus plastic) in
the X and Z directions are assumed as zero at each stage of
the process, in accordance with overall constraints.
3. The compression is followed by unloading in direction Y (efinal
yy in
Fig. 5b) to elastic strain levels that match the measured macroscopic residual stress distribution in the material as a function
of depth (Fig. 5c).

εload
yy

L2

positive

In the subsurface element.

ε yyfinal
Subsurface
element at a depth
d below surface.

εyy

0

σ yy

X
L3

Z
L1

b

a
Boundary conditions
ux= 0 on planes X = 0, L1.
uy= 0 on plane Y = 0.
uz= 0 on planes Z = 0, L3.

negative

ε

0

In the subsurface element.

positive

σres

Stress state after shot peening

σ xx = σ zz = σres
Elastic strain
Plastic strain

σ yy ≈ 0

σ xx (or σ zz )

c

Fig. 5. Methodology to simulate the shot peening process: (a) schematic showing a subsurface element on which the strains are imposed, (b) ryy vs eyy response in the
subsurface element during shot peening simulation, and (c) variation of elastic and plastic strain in X and Z directions in the subsurface element during shot peening.
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4. The resulting strain–time history is then applied as boundary
conditions on the same subsurface element with embedded
inclusions that are intact, debonded or cracked to assess the
local residual stresses and strains in the vicinity of inclusions
as initial conditions for subsequent fatigue simulations. This is
repeated for each subsurface depth of interest.

 Direction of impact (shot peening) –Y direction
 Equibiaxial residual stress state –X and Z directions
 Cyclic loading – bending stress along Z direction
It is noted that damage (cracking or debonding) can occur to
inclusions during primary forming or shot peening. We therefore
pursue the strategy of simulating inclusions that are assumed to
be already cracked or debonded at the beginning of the shot peening process as a means of assessing their inﬂuence on the local
residual stress state and the driving forces for fatigue crack nucleation at the inclusion.
6. Fatigue crack nucleation analysis under cyclic loading
Three-dimensional FE simulations were performed to parametrically explore the relative potency for fatigue crack nucleation at
depths ranging from 75 lm to 300 lm below the surface. Idealized
shapes of inclusions (ellipsoidal) were employed. Fig. 6 shows a
cross-section of a 3D FE mesh with closely spaced inclusions. A ﬁne
mesh is employed close to the inclusion(s) for detailed investigation of deformation and stress state in the proximity of the inclusions. All simulations were performed using 4-node 3D
tetrahedral elements.
It was assumed that the inclusion sizes are small enough that
the gradient of applied stress and residual stress over the scale of
an inclusion is negligible. With this assumption, the stress state
is imposed at discrete depths within the subsurface inclusionmatrix volume element and the stress and plastic strain components around the inclusion(s) are computed. Fig. 7 shows the

-0.01

Strain

When considering the embedded inclusion(s) in Step 4, the
dimensions of the subsurface element are chosen to be sufﬁciently
large that the inclusion experiences negligible boundary interaction effects (i.e., boundary conditions obtained from Steps 1–3
are adequate). There is an additional consideration that the gradient of the residual stress state cannot be too large compared to the
thickness of the subsurface volume element selected in Step 1; this
is dictated by inclusion size. A detailed derivation of the approach
outlined in Steps 1–3 above appears in Appendix A. The following
direction convention holds for all subsequent 3D calculations:
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-0.02
final
ε yy
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ε loyya d
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Fig. 7. Variation of the peak compressive strain ðeload
yy Þ and the strain after unloading
ðefinal
yy Þ along surface normal direction Y during shot peening simulation with depth.

variation of peak applied uniaxial compressive strain, eload
yy , and
strain after unloading, efinal
yy , with depth for C61 gear steel during
the shot peening simulation. The numerical estimate of strain levels to be imposed to mimic shot peening effect utilizes experimental residual stress value corresponding to the depth of interest as
input. For pure matrix without inclusions, the numerical and
experimental residual stress values coincide. While simulating
the residual stress distribution corresponding to various case
depths, we interpolate for the depth where the residual stresses
were not measured, with the limited available experimental data.
It is noted that when the interval between two neighboring measuring points is smaller, the conﬁdence in the interpolated result
is greater. Additionally, between 200 and 300 lm below the surface, the variation in the residual stress magnitude is relatively
small, and the interpolation scheme is reasonable. The simulation
that imposes residual stress is followed by three cycles of straincontrolled loading with Re = 0.05 (applied strain ratio). Fig. 8 shows
the variation with depth of the peak applied strain during cyclic
bending. The remote applied stress pertains to HCF loading conditions and residual stress relaxation may not be signiﬁcant; however, the local plasticity in the vicinity of primary inclusions can
alter the residual stress state and thereby inﬂuence the driving
force for fatigue crack nucleation. Driving forces for crack nucleation are calculated during the third load cycle. Two parameters,
namely the nonlocal average maximum plastic shear strain range,

Dcpmax , and Fatemi–Socie (FS) parameter, DC, are considered as

0.56
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Fig. 6. Cross-section of FE mesh through the center of inclusion with reﬁnement
close to the inclusion.

Fig. 8. Peak applied bending strain as a function of depth during cyclic loading.
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possible driving force parameters for fatigue crack nucleation at
various depths. The latter parameter includes limited consideration of small crack propagation [53]. The FS parameter considers
perpendicular to
the effect of the maximum normal stress rmax
n
the plane of maximum cyclic plastic shear strain, and has proven
to be a very effective correlative parameter for multiaxial fatigue
[54]. It has been generalized by McDowell [55] and Shenoy et al.
[56] to form the basis for microstructure-sensitive small crack
growth laws, with the latter study using computational micromechanics to compute the FS parameter within individual grains in a
polycrystalline Ni-base superalloy. Good correlations with experiments have been obtained in terms of fatigue lives of different
metallic materials using the FS critical plane approach [57–62].
The FS parameter is deﬁned by

DC ¼



Dcph
rmax
1þk n
2
rys

ð7Þ

where, k = 0.6 is a material parameter [43].
In local FE analyses, the micronotch root maximum plastic
shear strain amplitude is mesh sensitive. Furthermore, fatigue
cracks form over some ﬁnite region of intense shear, typically on
the order of a micron in scale. Moreover, for cracks growing in a
notch root ﬁeld, a transition crack length on the order of 10–20%
of the notch root radius is often invoked, below which it is assumed that the local notch root ﬁeld controls behavior and above
which the notch becomes part of the crack. It is therefore necessary
to introduce a nonlocal volume averaging procedure over integration points in the mesh to (i) effectively remove mesh dependence
and (ii) to accord with the physical process zone for subcritical
crack formation processes. Motivated by earlier work [18,38] the
maximum plastic shear strain amplitude is averaged over 1 lm3
(unit cube), which corresponds to about 10% of the volume of an
inclusion of minimum size in the present study, and in each simulation is selected as that particular volume of matrix material at
the notch root that maximizes the nonlocal plastic shear strain
amplitude. We employ this nonlocal volume for all the cases examined in this parametric computational study. Naturally, such a
small volume is considered in terms of evaluating the probability
to form a crack, and larger domains would be necessary to consider
propagation resistance.
At every integration point lying within the nonlocal averaging
region, the plastic shear strain cph is computed on the plane-h by
projecting onto it the plastic strain tensor epij at each integration
point, i.e.,

cph

¼ ni epij t j

2

h ¼ 1...N

ð8Þ

where ni and tj are the unit normal and tangent vectors, respectively, on the plane- h, and N is the number of discrete planes.
The nonlocal average plastic shear strain is then calculated by averaging over the volume V of the nonlocal region, i.e.,


cph ¼

1
V

Z
V

cph dV

ð9Þ

The nonlocal cyclic plastic shear strain range for every plane is
calculated during the third load cycle of the simulation. The nonlocal maximum cyclic plastic shear strain range, is deﬁned by




Dcpmax ¼ maxðDcph Þ
h

ð10Þ

Once the critical plane and corresponding nonlocal maximum
plastic shear strain range are determined, DC is calculated using
Eq. (7) at every integration point on the critical plane and a volume
average is performed in the nonlocal region similar to Eq. (9); this
effectively results in a nonlocal FS parameter. Alternatively, direct
maximization of DC could be considered instead of ﬁrst maximiz-



ing Dcpmax . A simple local form of the Cofﬁn-Manson law has been
used to correlate the number of cycles for nucleation of fatigue
cracks with the candidate driving forces [41,63], but of course
more complex analyses can be conceived that reﬂect lower scale
details of microstructure and slip irreversibility.

7. Results and Discussion
7.1. Cracked inclusion analyses
Subsurface layers with cracked ellipsoidal inclusions, embedded
in the elasto-plastic matrix, were subjected to boundary conditions
during shot peening based on the analyses conducted without
inclusions, as described earlier. Ellipsoidal inclusions were chosen
to facilitate parametric studies; however, inclusion morphology
can inﬂuence the local stresses and cyclic plastic strain distribution. Investigation of realistic particle shape and distribution will
be performed in future. Each layer was then subjected to three cycles of strain-controlled cycling with amplitude appropriate for
each depth, and an R ratio of 0.05. Simulations were also performed
with intact particles and results showed negligibly small driving
force in this study for all case depths below the surface. Similar
observations were reported by Gall and co-workers [18] for A356
aluminum alloy. This may be due to the fact that the peak applied
bending stress is less than 60.8rys and hence the stress amplitude
is well below the elastic limit of C61 gear steel. Also, localization of
stresses and plastic strains around intact particles are not as intense as that observed near damaged particles. In addition to the
aforementioned observations, it is important to note that fatigue
crack nucleation in the high cycle fatigue regime is highly heterogeneous at the grain scale [63]. Investigation of the potency of intact particles to nucleate fatigue cracks while operating close to a
fatigue limit associated with nonpropagating cracks demands
more detailed scale-dependent, discrete dislocation plasticity simulations; J2 plasticity assumption may not be sufﬁcient to reﬂect
such failure scenarios. Accordingly, this ideal case study focuses
on cracks nucleating from damaged particles (cracked and partially
debonded inclusions) for which plastic strain localization in the
matrix is of sufﬁcient magnitude to merit treatment with simple
J2 plasticity to facilitate parametric comparisons.
Fig. 9 illustrates the three-dimensional boundary conditions
and orientation of a cracked particle with respect to the direction
of applied bending stress and the surface. It was assumed that
inclusions tend to crack when the major axis of the ellipsoidal particle is oriented parallel to the applied stress direction. Table 2
summarizes the list of cases considered while analyzing the effect
of cracked particles on fatigue crack nucleation in the matrix at
various subsurface depths. In Tables 2 and 3, 2a and 2b represent
the major and minor axis dimensions of the ellipsoidal inclusion,
respectively, 2c and 2d represent those of the neighboring inclusion, and L is the longitudinal end-to-end spacing between the
inclusions, chosen to be 1 lm in this limited parametric study.
For convenience, all cases and results presented in the subsequent
sections will be addressed with the ‘case pointer’ listed in Table 2.
For example, Fig. 10a shows the equivalent plastic strain contour
plot around the cracked inclusions located at 250 lm below surface, at the end of the third loading cycle for case R1. The study
cases listed in Tables 1 and 2 were chosen in order to examine
the factors that affect the severity of plastic strain localization at
non-metallic primary inclusions which include inclusion spacing,
size, and orientation. The aforementioned factors are important
in HCF [63]. A frictionless surface-to-surface contact is used to
model all debonded interfaces in this study.
Plastic strain intensiﬁcation is observed to occur in the matrix
near the intersection of the cracked particle with the matrix. The
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Elasto-plastic matrix

Debonded surface
Cracked region
Inclusions

εa

X

Y
Z
X

b

a
Debonded surface

εa
Y
Cracked region
Z

c
Fig. 9. Cross-sectional views of the 3D section with embedded inclusions, showing the debonded and cracked surfaces, boundary conditions for bending, and cyclic loading
direction. Views on (a) XY, (b) XZ, and (c) YZ cutting planes through the center of the inclusion.

Table 2
List of cases analyzed in the study of cracked inclusions.
Case pointer

No of inclusions

Shape of inclusion

2a (lm)

2b (lm)

2c (lm)

2d (lm)

L (lm)

P1
Q1
R1

1
2
2

Ellipsoidal
Ellipsoidal
Ellipsoidal

5
5
5

2
2
2

–
5
10

–
2
4

–
1
1

Table 3
List of cases analyzed in the study of partially debonded inclusions.
Case Pointer

No. of Inclusions

Shape of inclusion

2a (lm)

2b (lm)

2c (lm)

2d (lm)

L (lm)

/1

/2

A1
B1
C1
D1
E1

1
2
2
2
2

Ellipsoidal
Ellipsoidal
Ellipsoidal
Ellipsoidal
Ellipsoidal

5
5
5
5
5

2
2
2
2
2

–
5
5
10
10

–
2
2
4
4

–
1
1
1
1

0°
0°
90°
0°
90°

–
0°
90°
0°
90°

/1 and /2 represent the orientation of inclusion 1 and inclusion 2, respectively)

severity of stresses and plastic strain localization was observed to
depend on the size of the inclusion and inclusion spacing. The
highest values of stresses and plastic strains were observed in case
R1 as compared to cases P1 and Q1 in the vicinity of cracked particle. Stress intensiﬁcation arising due to interaction of inclusions
could magnify the crack driving force and thereby reduce the fatigue crack nucleation and early growth life relative to the case of a
single inclusion. An example of a detailed investigation of the effect of particle shape, alignment, spacing and conﬁguration on local
stress distribution under cyclic loading can be found elsewhere
[64].
Fig. 11 shows the variation of the nonlocal maximum plastic

shear strain amplitude, Dcpmax /2, and nonlocal FS parameter, DC,
with depth for case P1. Interestingly, the maximum value of these
parameters corresponds to a depth of about 250 lm below the surface, which falls within the range of depths observed in experiments for C61 gear steels. Note that this depth is still within the
regime of initial compressive residual stress following shot peening. The driving forces are negligibly small at depths between 75

and 150 lm even though the applied strain amplitude is higher
close to the surface. Shot peening suppresses the fatigue crack
nucleation at the surface and shifts the crack nucleation site to
subsurface depths. The critical depth depends on residual stress
distribution, applied stress, and property gradients. Presence of
other inhomogeneities such as pores and soft inclusions (sulﬁde
particles) could alter the favorable site for crack nucleation
depending on the intensity of localization around such inclusions.
The nonlocal maximum plastic shear strain amplitude and FS
parameter were also calculated for cases with two cracked inclusions closely spaced (case Q1and R1); results are shown in Figs.
12 and 13, respectively. The trends are similar to that of the single
cracked inclusion (case P1) but the values are an order of magnitude higher due to size and interaction of inclusions. Increase of
the fatigue crack nucleation driving force with increase in inclusion
size (case R1 compared to case Q1) supports the observation of
Toyoda and co-workers [21] relating the inclusion size to threshold
fatigue strength. The sensitivity of potency of fatigue crack nucleation to the size and number of particles (clustering) is most
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7.2. Partially debonded inclusion analyses

Fig. 10. Contour plot of the equivalent plastic strain at the end of third loading cycle
at a depth of 250 lm below surface: (a) case R1 and (b) case E1.

pronounced at lower stress levels than at stress levels above macroscopic yielding [41]. Several other factors affect the HCF crack
nucleation life, including inclusion shape and orientation
[17,40,64]. However, detailed investigation of all the factors inﬂuencing subsurface fatigue crack nucleation in shot peened C61
steel is beyond the scope of the present parametric study.

Three-dimensional FE analyses were performed involving partially debonded inclusions (ellipsoidal) embedded in an elastoplastic matrix. McDowell et al. [17] showed for A356-T6 Al alloy
that partially debonded inclusions offer the most conservative
(i.e., severe) scenario for assessment of fatigue potency. Fig. 14 describes the convention followed to represent ellipsoidal inclusion
orientation in XY plane denoted by angle u. In all cases, the ellipsoidal inclusions were aligned such that the major axis of the inclusion was perpendicular to the direction of applied bending stress.
Fig. 9 shows cross-sectional views of the 3D domain, elaborating
on the boundary conditions, loading direction, and debonded surface of the inclusion considered in the parametric study.
Each subsurface volume element was subjected to similar loading conditions as described in cracked inclusion analyses. Table 3
summarizes the different cases of a partially debonded inclusion
analyzed in the parametric study. All the cases presented in the following plots and discussion will be addressed with the ‘case pointer’ listed in Table 3. For example, Fig. 10b shows the equivalent
plastic strain contour plot for case E1 at the end of the third loading
cycle. Intensiﬁed plastic strain at the intersection of the debonded
and bonded surfaces of the matrix can be observed in the contour
plot. The intensiﬁcation is due to the crack-like defect present at
the tip of the debond seam coupled with the constraint and contact
of embedded inclusions. It was mentioned by Gall et al. [18] that
high stresses around cracked inclusions can facilitate debonding
at the particle matrix interface. It was also shown that once a
cracked particle begins to debond, the local plastic strains are
intensiﬁed in the matrix with the same order of magnitude as a
crack-free but partially debonded inclusion. Similar to cracked
inclusion analyses, the severity of stress and plastic strain localization was inﬂuenced by particle size and spacing. The magnitudes of
plastic strains and stresses in the matrix encompassing the partially debonded alumina inclusion were highest in cases D1 and
E1 compared to all other cases listed in Table 3.
Fig. 15 shows the variation of nonlocal maximum plastic shear
strain amplitude and nonlocal FS parameter with depth for case A1.
Similar to the results obtained in the cracked inclusion analyses,
the critical depth for fatigue crack nucleation trends towards
250 lm. The debonded inclusion is observed to facilitate higher
plastic strains under monotonic loading, which in turn leads to
higher local stress states. Consequently, reversed yielding occurs
more readily near the debonded inclusion. Consistent results were
obtained for all the cases listed in Table 3 (see Figs. 16–19) where
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Fig. 11. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case P1.
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Fig. 12. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case Q1.
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Fig. 13. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case R1.

Y

ϕ = 0˚

X

Y

ϕ = 90˚

X

Fig. 14. Convention followed to represent the orientation of inclusion. Angle u is
measured with respect to X axis (axis of applied bending strain along Z direction).
Direction Y is normal to the surface.

the predicted critical depth for subsurface fatigue crack nucleation
was in accordance with experimental observations. Size and spacing of partially debonded inclusions are observed to play a signiﬁcant role in fatigue crack nucleation potency at subsurface depths.
Case E1 is observed to be most detrimental under cyclic loading
among all cases analyzed in this parametric study. This is due to
the presence of a large partially debonded inclusion coupled with
intensiﬁcation arising due to interaction with neighboring inclusion. The variations arising due to spatial alignment of inclusions
in a cluster (comparing case D1 and case E1) will be addressed later. The predictions and observations reported in this parametric
study emphasize the importance of inclusion-matrix interface
character on fatigue crack nucleation potency. Comparing the single cracked particle results (case P1) in Fig. 11 and single partially

debonded inclusion results (case A1) in Fig. 15 for which the inclusion size was equal, the driving force for fatigue crack nucleation is
relatively higher in presence of partially debonded inclusions. Similar observations can be made by comparing different cases of partially debonded and cracked inclusions with equal size and
spacing; it is evident that cracked inclusions do not localize plastic
strains and stresses in the matrix as severely as partially debonded
inclusions.
The use of ellipsoidal inclusions in this parametric study facilitates assessment of the effect of inclusion alignment in a cluster
with respect to loading direction on fatigue crack nucleation.
Although partially debonded inclusions were aligned such that
the major axis of the ellipsoid was perpendicular to loading
direction, some disparity in the driving force for fatigue crack
nucleation arises by varying the relative alignment of inclusions
in the XY plane. The differences were signiﬁcant between case
D1 (Fig. 18) and case E1 (Fig. 19). The driving force parameters
are relatively higher at subsurface depths for case E1. Since the
plastic strain localization is most severe at the inclusion notch
root in ellipsoidal particles, the magnitudes of these parameters
are expected to be relatively higher when the inclusions are
aligned such that the major axis of individual inclusions coincides (as in case E1). Comparing cases B1 and C1 in Figs. 16
and 17, respectively, the difference in the magnitudes of FIPs
are relatively small. This observation suggests that the effect of
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Fig. 15. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case A1.
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Fig. 16. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case B1.
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Fig. 17. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case C1.

relative spatial alignment of inclusions in a cluster on fatigue
crack nucleation is more pronounced for large inclusions
(P10 lm) and can be regarded as a second-order effect. The disparity in fatigue response arising due to variations in spatial
arrangement of inclusions in a cluster can be a major contributor
to the scatter in HCF lives observed in experiments. In addition

to the intensiﬁcation of the driving force for nucleation, the size
of the embryo for long crack growth is on the order of the cluster size, which can be substantially larger than the size of individual primary inclusions (see Fig. 2). Study of subcritical crack
formation and growth within inclusion clusters of more complex
character is a topic of ongoing work.
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100

4µm

90
80

10µm

60

-5

FIP (x 10 )

70

50

1µm

40

5µm

30

X

20
10

(Δγ

0

ΔΓ
50

100

150

200

250

p*

)max / 2

300

2µm
Y

Depth (μm)
Fig. 19. Variation of nonlocal maximum cyclic plastic shear strain amplitude and FS parameter with depth for case E1.

It is evident from cases D1, E1 and R1 that the presence of
large inclusions has more detrimental effect under cyclic loading.
This is widely acknowledged from the perspective of initial ﬂaw
size, treating the inclusion as an initial crack starter for application of fracture mechanics. In this work, we undertake a different approach that focuses more on the details of inclusion size,
spacing, interface character and residual stresses on HCF
response.

8. Summary
Finite element modeling is used to parametrically study the effects of process history and and non-metallic inclusions on the
high cycle fatigue of a martensitic gear steel. Signiﬁcant contributions and ﬁndings of this work are as follows.
(1) A simpliﬁed algorithm is presented to simulate the residual
stress distribution induced by shot peening prior to applying a fatigue loading history, including effects of cracked
and debonded subsurface inclusions on local residual
stresses.
(2) An integrated three-dimensional methodology is developed to analyze potency of fatigue crack nucleation at
subsurface primary inclusions in carburized and shot
peened gear steels. The methodology was applied to
predict the favorable depth for fatigue crack nucleation
in C61 alloy gear steel, with predicted depths in accor-

dance with experimental observations [1]. Fatigue crack
nucleation occurs in a depth range where the initial
residual stresses are compressive (not tensile) following
shot peening.
(3) Under the given external loading, material model, and
the selected fatigue crack nucleation driving force
parameter, intact inclusions were observed to show negligible driving force for crack nucleation in the HCF
regime. Pre-existing damage from primary forming or
from shot peening processes, such as partially debonded
inclusion–matrix interfaces, promoted fatigue crack
nucleation.
(4) The driving force for subsurface fatigue crack nucleation
depends on size and clustering of inclusions. Relative alignment of inclusions in a cluster was observed to inﬂuence the
driving force for fatigue crack nucleation in presence of sufﬁciently large inclusions (P 10 lm). Presence of large inclusions in addition to clusters has detrimental effects under
cyclic loading.
Future work will address mechanisms speciﬁc to the martensitic microstructure in the matrix with regard to crack formation
and early growth to reﬁne the framework presented here. In addition, relaxation of residual stress during fatigue cycling can be very
important even in the HCF regime [65–67], and must be studied
using more reﬁned material models such as polycrystal plasticity.
The framework developed here can be readily extended to consider
this effect.
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Appendix A
The stress state at any subsurface depth after shot peening is
given by

rxx ¼ rzz ¼ rres
ryy ¼ 0
sxy ¼ sxz ¼ syz ¼ 0
axy ¼ axz ¼ ayz ¼ 0

ðA:1Þ

During plastic deformation (shot peening), the following quantities and their differential increments always satisfy

epxy ¼ epxz ¼ epyz ¼ 0 depxy ¼ depxz ¼ depyz ¼ 0
epxx þ epyy þ epzz ¼ 0 and depxx þ depyy þ depzz ¼ 0 ðincompressibilityÞ
1
2

1
2

epxx ¼ epzz ¼  epyy depxx ¼ depzz ¼  depyy
ðA:2Þ
During the shot peening process the shear strain components
are zero in the XYZ principal coordinate frame, i.e.,

exy ¼ eyz ¼ ezx ¼ 0

ðA:3Þ

Expanding the yield function in Eq. (1) gives


2
F ¼ 2ðrxx  axx Þ  ðryy  ayy Þ  ðrzz  azz Þ

2
þ 2ðrzz  azz Þ  ðrxx  axx Þ  ðryy  ayy Þ

2
þ 2ðryy  ayy Þ  ðrxx  axx Þ  ðrzz  azz Þ  6r2ys
¼0

ðA:4Þ

Due to equi-biaxial deformation, the following relationships
hold during the entire process of shot peening:

rxx  axx ¼ rzz  azz
Sxx  a0xx ¼ Szz  a0zz
epxx ¼ epzz ; e_ pxx ¼ e_ pzz

ðA:5Þ

Inserting Eq. (A.5) into Eq. (A.4) the yield function reduces to

F ¼ ½ðrxx  axx Þ  ðryy  ayy Þ2  r2ys ¼ 0 or
jðrxx  axx Þ  ðryy  ayy Þj ¼ rys

ðA:6Þ

Using the relation in Eq. (A.2) the increment of equivalent plastic strain is given by,

dep ¼ jdepyy j ¼ 2jdepxx j

ðA:7Þ

Using the three-dimensional Hooke’s law, the elastic and plastic
strains at the end of shot peening process can be obtained by
applying the boundary conditions shown in Fig. 5, i.e.,

ee;final
¼
xx
ee;final
¼
zz
ee;final
yy

rres
E

rres

ð1  mÞ ¼ ep;final
xx

ð1  mÞ ¼ ep;final
zz
E
m
res
¼
ð2r Þ
E

ðA:8Þ

Here, the superscript ‘final’ corresponds to ﬁnal strain state at
the end of shot peening. Coupling Eqs. (A.2), (A.7), and (A.8), the
ﬁnal strain component along direction Y after unloading can be
obtained as

efinal
yy ¼

m
ð2rres Þ þ 2ee;final
xx
E

ðA:9Þ

In order to obtain the peak uniaxial compressive strain to be imposed along direction Y ðeload
yy Þ to induce the target residual stress
level, the above equations coupled with the nonlinear kinematic
hardening relation described in Eq. (5) are solved numerically.
We employ the method of successive substitution along with an
interval-halving scheme to iteratively solve the set of equations.
The return mapping scheme to solve the elasto-plastic relations
(Eqs (1)–(6)) is implemented along the lines proposed by Kobayashi and Ohno [68].
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